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In [Nakb℄, generalizing the dilogarithm identities in onformal eld theories, Nakanishi
provided dilogarithm identities for \periodi" quivers. In this note, we suggest a q-deformed
version of Nakanishi's identity.
x 1. Introdution
x 1.1. Quantum dilogarithm
In this paper we study the following formal power series over C (q) whih is alled




































The readers may refer [FG09, x1.3℄ for the history of the quantum dilogarithm.
One of the fundamental property of the quantum dilogarithm is the quantum pen-
tagon identity [Sh53, FK94℄ : we assume xy = q
2
yx, then we have
E (x)E (y) = E (y)E (q
 1
xy)E(x):
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It is natural for us to study quantum dilogarithms as elements in (a ompletion of)





a quiver without loops or 2-yles), the quantum torus QT
B
assoiated to B is the
C (q)-algebra generated by fx

i
















x 1.2. Donaldson-Thomas theory and quantum dilogarithm
Reently, the quantum dilogarithm has appeared in moduli theory of quiver rep-
resentations [Rei10, KSb, KSa℄. It is essential that the denominator of a oeÆient in
the quantum dilogarithm is the Poinare polynomial of the general linear group (or the
polynomial of whih omputes the order of the general linear group over a nite eld
with q elements).
Given a 3-dimensional Calabi-Yau ategory D, Donaldson-Thomas theory for D is
the moduli theory of objets in D. Given a quiver with a potential, we an dene a
3-dimensional Calabi-Yau ategory. The Donaldson-Thomas theory assoiated to suh
a ategory is alled the non-ommutative Donaldson-Thomas theory ([Sze08℄).
Aording to Kontsevih-Soibelman's onjeture, there is an algebra homomor-
phism from the motivi Hall algebra to the quantum torus. A quantum dilogarithm ia
the image of the moduli stak whih parameterizes diret sums of a spherial objet.
On the other hand, we have an interesting generalization of the (lassial) pentagon
relation whih is alled the dilogarithm identity in onformal eld theory. Nakanishi and
his ollaborators found that periodiity of the luster algebra ([IIKNS10, Kel℄) plays a
ruial role for the dilogarithm identity [Naka, IIKKNa, IIKKNb℄. In [Nakb℄, Nakanishi
found that the dilogarithm identity is hold for any quiver with \periodiity".
In this note, we provide an analogue of Nakanishi's dilogarithm identity for quantum
dilogarithms whih generalizes the quantum pentagon identity. This is a onsequene
of Kontsevih-Soibelman's onjeture on the motivi Donaldson-Thomas theory ([KSb℄)
ombined with the argument in [Nag℄.
During writing this note, the author was informed that B. Keller proved the identity
[Kelb℄. G. Kuroki independently found the same identity too [Kur℄. After submitting
this note, Nakanishi and Kashaev showed how Nakanishi's identity is indued from the
quantum one by applying the saddle point method [NK℄.
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x 2. Statement
x 2.1. Periodiities in luster algebras
Let Q be a nite quiver without loops and 2-yles with vertex set I = f1; : : : ; ng.
We put
Q(i; j) = ℄farrows from i to jg;

Q(i; j) = Q(i; j) Q(j; i)
Sine we assume Q has no 2-yles,

Q(i; j) determines the quiver Q. For a vertex k 2 I,
the mutation 
k




is a nite quiver without
loops and 2-yles and with the same vertex set as Q, whih is obtained as follows:
1. reverse all arrows inident with k, and










Q(i; j) (Q(i; k) Q(k; j)  0);

Q(i; j) + jQ(i; k)j Q(k; j) (Q(i; k) Q(k; j) > 0):
For a sequene of verties k = (k
1














Q))    ):
Throughout this paper, we use similar notations.
Given a sequene of verties k = (k
1




we have a unique sequene
"(1); : : : ; "(l) of signs whih satised the following ([Nag, Theorem 3.4℄).
Let Z
I





























































































Denition 2.1. Let  2 S
I
be a permutation. A sequene of verties k =
(k
1
















) is nothing but
t
g-vetor in the sense of [FZ07℄. The
ondition is equivalent to the riterion of the periodiity using -vetors, whih is given
in [Nakb, Theorem 2.6℄. (See [NZ℄.)
x 2.2. Quantum dilogarithm identity
Let 
Q














dene the quantum torus QT
Q


















































Conjeture. Let k = (k
1























x 3. Sketh of the \proof"
x 3.1. Derived equivalenes
A potential w of a quiver Q is a linear ombination
2
of yli paths in the quiver








For a vertex k, the mutation 
k
w of the potential w is dened and we have the
















This is nothing but the Euler pairing of the Grothendiek group of D
Q;w
(see the next setion).
2
To be preise, we have to onsider an innite linear ombination in general.
3
the derived ategory of dg modules with nite dimensional ohomologies over Ginzburg's dg algebra
4
the ategory of nite dimensional modules over Jaobi algebra
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. Given a sequene k = (k
1
; : : : ; k
l




































Theorem 3.1 (a speial ase of [Nag, Theorem 4.2℄). Assume that k is a -period











). In partiular, T
k
= ;.
x 3.2. Motivi invariants
Eah "(i)e(i) orresponds to a spherial objet s(i) in A
Q;w






j n 2 Z
0
g;
whih we regard as an element in the motivi Hall algebra. We all itmotivi dilogarithm




    MD
"(l)
l
oinides with the moduli stak of objets in T
k
.
Kontsevih and Soibelman proposed motivi invariants of the moduli spaes whih
would indue a homomorphism from the motivi Hall algebra to the quantum torus
suh that the image of a motivi dilogarithm is a quantum dilogarithm.
Sending the equation above by this homomorphism, we get a desription of the
produt of the quantum dilogarithms in terms of motivi invariants of the moduli stak
of objets in T
k
.




The author thanks Tomoki Nakanishi, Anatol Kirillov and Gen Kuroki for the
valuable disussions.
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